The most important feature of this paper is to transform the complex motion of robot turning into a simple translational motion, thus simplifying the dynamic model. Compared with the method that generates a center of mass (COM) trajectory directly by the inverted pendulum model, this method is more precise. The non-inertial reference is introduced in the turning walk. This method can translate the turning walk into a straight-line walk when the inertial forces act on the robot. The dynamics of the robot model, called linear inverted pendulum (LIP), are changed and improved dynamics are derived to make them apply to the turning walk model. Then, we expend the new LIP model and control the zero moment point (ZMP) to guarantee the stability of the unstable parts of this model in order to generate a stable COM trajectory. We present simulation results for the improved LIP dynamics and verify the stability of the robot turning.
Introduction
The basic functionality required for humanoid robots is the ability to achieve various human movements. There are several existing methods for the planning and control of walking without revolving around the axis perpendicular to the horizontal plane [1] [2] [3] [4] [5] . The more challenging problem inherent to controlling a biped robot is maintaining its stability when it is moving. A widely used method for determining the stability of the robots is whether the zero moment point (ZMP) is in the supporting area [6, 7] . In the trajectory planning method, the ZMP is seen as a linear inverted pendulum (LIP) which is a simplified model. The robot is regarded as a point, and the entire mass is concentrated at the center of the mass. Another trajectory planning method considers the humanoid robot as a seven-link model. The position of the ZMP can be calculated by the state of the COM of every link rod including the position, the velocity and the acceleration [8] . By comparing the ZMP trajectories, the trajectory with the highest stability margin is selected as the off-line trajectory. These methods have unique advantages and disadvantages. Recently, newer gait-planning methods [9] [10] [11] [12] [13] have been developed that do not rely on the ZMP and have indeed produced marked improvements in humanoid robot walking.
However, it is also very important for humanoid robots to be able to turn while walking at a high speed. For the robot to achieve various types of locomotion and efficiently complete any given task, it must be capable of turning while walking at a high speed. When the robot turns at a very low speed, the trajectory of the center of mass can be generated by the traditional LIP. However, the robot is likely to tip over during fast turns, but only if the trajectory is only generated by the LIP. Unlike straight-line walk (or "linear walk"), the so-called "turning walk" requires highly complex dynamical systems. During turning walk, the COM moves as it does during linear walk but while simultaneously performing circular motions, so in the world reference, the robot can not be seen as a particle. There are two choices that can be chosen to deal with the turning walk. One is to establish the humanoid robot whole body dynamics model in the world reference. The other is to translate the turning walk into the straight-line walk by choosing an appropriate non-inertial reference, and, in the non-inertial reference, the LIP model can also be used to generate the trajectory while the dynamics of the LIP are changed. There is an extended model of the LIP that is applied to the trajectory planning of the robot. The most popular model is the spring loaded inverted pendulum (SLIP) [14] [15] [16] which is used in robot running. In robot running, the LIP model causes big collisions to the ground, so in order to reduce the force that is generated by the collisions, the SLIP is proposed and has produced a good effect.
Previous researchers have indeed explored dynamic turning. The most famous example is the ASIMO robot, which can turn while walking and even while running. Soichiro Suzuki [17] achieved a quasi-passive turn walk by utilizing a mechanical oscillator. There has also been research into slip turns; Kanehiro presented a novel hierarchical controller for walking torque-controlled humanoid robots [18, 19] which is capable of executing quick slip-turns on a HRP-4C on its toes. Koeda at al. achieved slip-turns in the HOAP-2 robot [20] [21] [22] [23] . Their method minimizes the turning angle based on variations in friction across the floor. Despite these valuable contributions, there has been relatively little research on turning while the robot is walking.
Most research has applied straight-line walking models directly to the turning walks [24] . This method does not take into account the effect of the robot's own rotation on the actual ZMP so in the lateral direction, the actual ZMP will be different form the planned ZMP. Due to the large model error, the robot will be easily unstable. So, the proposed method can reduce the model error to guarantee the stability of the robot. The main contribution of the paper is that our method takes into account the rotation factors in the turning process without increasing the complexity of the dynamics. So, the model is more accurate and the trajectory can be generated very fast.
The remainder of the paper is organized as follows.
In Section 2, we analyze the scope of application of LIP and the limitations of the LIP during turning walk. Then, we introduce a non-inertial reference that can convert the turning walk to the straight-line walk. In Section 3, we establish the improved LIP model in the non-inertial reference and extend its dynamics. Then, we analyze the stable component and unstable component of the LIP and get the trajectory of the center of mass (COM) by ensuring boundedness of COM trajectories for a given reference ZMP trajectory. In Section 4, we give the trajectory planning of the foot and convert the COM trajectory under non-inertial system to the trajectory in a world coordinate system which can be used in the control of the robot based on the current state. In Section 5, results from the simulations and experiments are presented to verify the feasibility of the proposed method.
Non-Inertial Reference in Turning Walk
In the translational movement, the robot can be seen as a mass point because when it is treated as a rigid, the motion of the COM can represent the motion of the whole body. However, in the turning walk, there is not only translational movement but also rotation around the axis perpendicular to the horizontal plane. So, the motion of the COM cannot represent the motion of the whole robot which will make the robot fall down. In this paper, we introduce the non-inertial reference in which the motion of the turning walk is the straight-line walk.
The motion of the non-inertial reference in the turning walking is shown in Figure 1 , where the green curve represents the robot trajectory and the red curve represents the non-inertial reference. The non-inertial trajectory is defined as involute. The reference frame not only moves along the curve but also rotates which makes the Y-axis always point to the robot. In this paper, we call this the "involute reference frame" (IRF). In the IRF, the motion of the robot can be described similarly to straight-line walk. For the IRF, its motion has tangential acceleration, normal acceleration, and centripetal acceleration that rotates synchronously with circular motion. The motion of the object moving in the IRF is affected by inertial forces. The motion of the IRF and the inertial forces acting on the robot are shown in Figure 2 . a t is the tangential acceleration; a n is the normal acceleration; and ω is the angular velocity. f a n is generated due to normal acceleration, f a t is generated due to tangential acceleration and f rin is generated due to centripetal acceleration. f CoF is the coriolis force. f ω is the force generated due to the changing rate of angular velocity. All the inertial force expressions can be obtained as shown in Formula (1). l is the distance that the robot walks in the forward direction and is also the length between the origin of the IRF and the tangent point of the circle. where m is the mass of the object moving in the non-inertial frame, and r is the turning radius. The directions of the inertial centrifugal force ( f rin ) and normal force ( f a n ) are opposite, so the effect of the two forces cancels out. It is only necessary to calculate the f ω , f rin and f CoF in the IRF. Through the relationship between the physical quantities shown in Formula (2), we can simplify this force based on the involute properties in Formula (3).
where v is the velocity in the forward direction related to the IRF and it is also the tangential velocity of circular motion related to the global reference. α is the angle that the robot turns. f a t is a changing force which is determined by the acceleration and velocity of the object. In Formula (4), through the the vector superposition of these inertial forces, f sum is the resultant of inertial force applied to an object moving in the IRF, and its direction is the same as that of f a t
The discussion above centers around a scenario in which the turning radius is constant. During turning walk, however, the radius must change so that the robot can reach its target destination. Turning walk can be divided into several movements across a constant radius, where the expression of the resultant force does not change. As shown in Figure 3 , if the radius is r 1 , the force is
Similarly, r 2 , r 3 , and so on. 
Turning Gait Planning in the Non-Inertial Reference (IRF)

Planning of the COM Trajectory
In order to make the description more intutive, we first define three directions related to the robot. The forward direction is called the y direction. The leftward and rightward direction is called the x direction. The vertical direction is called the z direction.
As the basic model of the robot walking, the LIP model simplifies the complex dynamic model of the robot. As is shown in Figure 4 , the trajectory of the COM can represent the robot motion when the robot only moves in translation.ẍ
Here, ω = g h com . h com is the height of the COM. x zmp is the position of the ZMP which can be planned ahead. x com is the position of the COM. The input of the LIP model is the x zmp and the output is the x com . This model is applicable when the robot does not rotate around the z-axis. When compared with the straight-line walk, the system for the turning walk is more complex. For the turning walk, because of the existence of f a n , f a t , f rin , and f ω . we must improve the traditional LIP model. As we can know from Section II, for the y direction in the IRF, the resultant of the inertial force is zero, so the traditional LIP is still applicable. However, for the x direction in the IRF, the resultant force is f sum , so we can get the model of the turning walk from Figure 5 . In this section, we call the f sum force another name, f ct , in order to simplify the subsequent derivation.
IFR com Because of force f ct , the ZMP moves by a short distance. Based on this new model, we can then obtain the new dynamics.ẍ
where r c is the turn radius of the COM. x IRF zmp is the ZMP position in the IRF, and x IRF com is the COM position in the IRF. The x IRF zmp position of the new ZMP has changed compared to that in the straight-line walk, as shown in Formula (7):
So, the new LIP model can be expressed as follows:
We can, therefore, treat turning walk as straight walk when we add the ZMP deviation: The new state space of the LIP system can then be expressed as
The input of the system is the velocity of the ZMP:
After doing the above simplification, turning walk can be converted into straight-line walk in the IRF when the straight-line walk is applied to a force ( f ct ), as shown in Figure 6 . Because the velocity of the COM in the y direction is not constant, the force f ct (t) will also change all the time. According to Formula (7), we know that the ∆x zmp (t) is also not constant:
where m is the mass of the robot. Through changes in the coordinates, this model can be divided into two components [7, 25] . One is the stable mode and the other is the unstable mode, as is shown in Formula (11):
We can then obtain an expression for x un , as shown in Formula (12). Formula (12) is a first-order differential equation, and its eigenvalue is an integrity, so this mode is a divergent system. The input of the subsystem is the position of the ZMP because the value of ω is constant:
In order to match the state space shown in Formula (9), the input of the system is the velocity of the ZMP. We can rewrite the expression in the Formula (13) when the radius of the COM is approximately constant:
In the IRF, there is no inertial force in the forward direction y so the dynamics are the same as in the straight-line walk. We can calculate theẏ IRF zmp andÿ IRF zmp based on the traditional LIP model ahead of time. Although x un is divergent, we can find a ZMP trajectory whose initial condition satisfies
zmp (t)dt to make the trajectory of the COM stable. According to the definition of x un , each control cycle t initial =kδ can be used as the initial time for future trajectory planning. k can be 1, 2 · · · n, and δ is the control cycle. We can obtain the relationship between the state space and the velocity of ZMP to find this initial condition and the ZMP trajectory which is shown in Formula (14):
Here, we can obtain the relationship between the current state space of the COM, including the position and velocity and the future velocity of the ZMP. As is mentioned above, ZMP should be always in the supporting area to guarantee the stability of the robot, so the constraints of the velocity of ZMP are shown as Formula (15):
There are a lot of solutions to the COM trajectories that can satisfy the stable conditions for Formula (14) . Through the optimal control theory, the input of the system is the velocity of ZMP, and we can reduce the value of the COM velocity deviating from the average speed, thus reducing the change in the COM velocity. We define the cost function ( f ) as the Formula (16):
We discretize Formula (16) and obtain Formula (17):
where N is the number of sampling points, andẋ IRF com ((k + j) is the predicted COM velocity at the jth sampling point. The control variable is the ZMP velocity. We should thus derive the relationship between the velocities of the COM and the ZMP.
We can use the recursive method to predict the COM velocity after the velocities within the predicted time are known. These expressions are shown as Formula (18):
We therefore have the cost function, the stability constraint, and the ZMP constraint. We can obtain the ZMP velocity as the input for the new LIP model. We can, therefore, plan the ZMP and COM trajectories.
Foot Position and Allowable ZMP Region Planning
The foot position determines the area supporting the robot, so it must be determined first. For the turning walk, we use a circular curve interpolation to generate the foot trajectory, which is shown in Figure 7 . In the single support period, the foot position of the swinging leg will follow the curve of the circle.
At this stage, we know the foot step, the walking cycle period, and the turning angle. In turning walk, the foot steps of the two legs are not the same. Therefore, we must first calculate the right foot radius (r st,r ). The foot step is approximately equal to the arc length.
The radius of the left foot should be calculated as shown in Formula (19) in order to calculate the right foot radius:
Suppose now that the robot turns right while walking. Here, l st,l is the right foot step, and θ is the turning angle. The right foot radius is r st,r = r st,l + w hip . We can also obtain the right foot step as l st,r = θ(r st,l + w hip ), and w hip is the distance between two feet. The foot trajectory is then generated by spline interpolation. The foot position can be calculated when the turning angle (θ(t)) is known. The turning angle (θ(t)) is obtained by cubic spline interpolation. This can guarantee that the foot speed at the beginning and end of the single support period is zero. In straight-line walking, the foot coordinate only has translation related to the hip coordinate, so the hip yaw joint does not turn, but in turning walk, besides the translation, the foot coordinate also has rotation related to the hip coordinate, so the hip yaw joint will play a role in coordinate rotation shown in Figure 8 .
After the foot positions have been determined, the next step is planning the allowable ZMP region (AZR). This is a prerequisite for planning the ZMP trajectory. The AZR is the polygon that is surrounded by the supporting feet. However, for turning walk, the front foot direction differs from that of the rear foot. Therefore, in the double support period, the AZR is as shown in Figure 9 .
The directions of the x and y coordinates are the same as those in the IRF. We suppose that the robot is at the position shown in Figure 9 , and the position of AZR at the world coordinate reference is also known. So, we should express the AZR in the IRF. After we have determined the α and the position of y IRF com , we can easily obtain the expression of the AZR in the IRF through the positive kinematics. 
Transformation from the IRF to the World Coordinate Reference
For the humanoid robot walk, what we need is the trajectory in the world coordinate reference so we need to convert the trajectory in the IRF into the trajectory under the world coordinate reference.
In the turning walk, the forward direction of the COM is always the tangential direction of the COM circle, so the COM direction is always changing. Once we have planned the foot position and the allowable ZMP region (AZR) in the world reference, we need to express them in the world coordinate reference. In the IRF, the distance passed through in the forward direction is the arc length of the turning walk in the world coordinate reference. First, we know that the radius of the COM differs from the radius of the foot. The radius of the average COM trajectory (r c ) is in the range between the radii of the two feet. We can then obtain r c from Formula (20) . w hip is the width of the robot hip:
In one control cycle, the change in the angle of the COM direction (∆α) can also be calculated as shown in Figure 10 . 
where, v IRF x,1 , v IRF y,1 are the velocities of the COM in the IRF at the current moment. x c,1 , y c,1 is the position of the COM in the world coordinate reference at the current moment. v IRF x,2 , v IRF y,2 , x c,2 and y c,2 have the same meaning in the next control period. δ is the control cycle which depends on the controller's operating speed. However, we can establish the relationship between the position in the world coordinate reference and the velocities in the IRF. The expression is shown in Formula (22):
where α = ∑ ∆α i .
Turning Walk Planning Method
We can now provide an outline of the turning walk algorithm. First, we require the input data, including the foot steps and the turning angle. This information is then used to calculate the turning radius, the trajectory of the foot. and the AZR over the entire time span. What we need to know is the position and velocity of the COM and the ZMP position. In the initialization stage, these values are determined by hand, while future values are calculated by the model of the new LIP model.
The general k−th iteration proceeds as follows:
• Use the new cost function with stability and ZMP constraints to compute the ZMP velocity based on the new LIP model in the preceding section; • Based on the planned ZMP velocity, we then obtain the ZMP position and can also get the position and velocity of COM in the IRF; • Compute ∆α based on the COM position and velocity;
• Based on ∆α, we can calculate the COM velocity and the ZMP position in the world coordinate reference. This is the turning walk data. We then return to the first step.
Simulations and Experiments
We now present some simulations of the BHR-6 humanoid robot of Beijing Institute of Technology to illustrate the performance of the turning gait planning method. The robot parameters are shown in Table 1 . We also present some comparisons between two different walking speeds. Through comparing different walking speeds, we can determine the function of the proposed gait planning method. The planned ZMP as-obtained by the cost function ( f ) is shown in Figure 11 . We set the walking step to T step = 1.2 s and sampling cycle to T sample = 0.004 s. The walking step was D step = 0.33 m, and the turning radius was r c = 1.06 m; these are the planning results in the global reference frame. The ZMP was in the boundary of the supporting area and continued moving forward whether in the double supporting period or single supporting period. This planning result is similar to that of linear walking. Once the ZMP trajectory was planned, the new trajectory was generated based on the new LIP model expressed in Formula (6). The formula is easy to be discretized. We simulated two walking speed trajectories with different radii and walking speeds to test the practicability of this method. As shown in Figure 12 , the trajectory was generated as the robot turned to the right. As opposed to straight-line walk, turning walk creates a trajectory offset to the direction in which the robot is moving. When the robot turns right, the trajectory of COM will shift to the right and for left turns, it will shift to the left. As shown in Figure 13 , the faster the robot moves, the more the trajectory is offset. The foot width of our BHR-6 was 14 cm but when the robot walking speed was 2 km per hour, the offset achieved 4.5 cm with the radius r c = 0.67 m. When the robot walks as slowly 1 km/h, the offset fell to 0.8 cm with the same turn radius. For the same walking speed, the offsets caused by different radii were also different. For the walking speed 2 km/h per hour, the offset was 2.5 cm with the radius r c = 1.06 m. When the robot walks slowly, the centroid shift caused by centripetal force can be neglected and the trajectory can be planned in the same manner as for straight-line walking.
We reached the results shown in Figure 14 by calculating the ∆zmp. Thus we can see the influence of robot rotation on the robot's ZMP position. Both walking speed and turning radius had significant impacts on the offset of the ZMP. A decrease in the radius and increase in walking speed caused ∆zmp to increase. As shown in Figure 14d , when the radius was 0.67 m and the walking speed was 2 km per hour, the greatest offset of ZMP was 6.2 cm; this offset markedly affects the planning of the reference ZMP trajectory. As opposed to straight-line walk, during turning walk, the hip yaw joints underwent major rotation at the angle shown in Figure 15 . During a single support period, the supporting leg does not turn, and only the swinging leg turns. This means that the body does not turn. During a double support period, both hip yaw joints turn, and the body turns through an angle. Because the support area in the double support period is much larger than that in the single support period, the robot is less likely to slide on the ground when it turns fast. These phenomena correspond with the foot position planning results. There are a few angles that must be defined properly for the purpose of turning walk. In Figure 16 , the green line marks the COM angle (tangent direction of the turning motion) which equals the value of the upbody angle. It was obtained based on Formula (21) and Formula (22) . The blue line is the foot angle, and the foot angle is planned before plotting the COM trajectory. In the single support period, the foot of the swing leg turns while the support leg maintains its previous state and in the double support period, the foot maintains its previous state. All these angles increase at the same average speed in one walk cycle so that at the end of every walk cycle, the direction of the feet and upbody is the same.
We next applied the proposed method to an actual humanoid robot identical to the one modeled in the simulation platform and under the same parameters as the simulation. As shown in Figure 17 , D step = 0.33 m, T step = 1.2 s, and the robot achieved turning walk at a speed of 1 km/h. Then, we measured the actual ZMP of the robot calculated by the force sensors and converted it to the IRF, as shown in Figure 18 . Another experiment was also done which generated the robot's COM trajectory directly by the LIP as is shown in Figure 19 . By using the proposed method, The actual ZMP trajectory of the robot was able to better follow the planned ZMP both in the lateral direction and the longitudinal direction. This agrees with the results of the simulation results. In the simulation shown in Figure 13 , the COM trajectory deviated to one side in order to make the actual ZMP trajectory follow the planned ZMP trajectory. However, the traditional LIP does not take into account the effect of the robot's own rotation on the actual ZMP, so in the lateral direction, the actual ZMP is offset to one side by a distance form the planned ZMP. In addition, in the longitudinal direction, there are no changes in dynamics, so the actual ZMP can also follow the planned ZMP well. 
Conclusions
In view of the limitations of the current LIP model in the gait planning of robot turning, we presented a turning walk method for humanoid robots that can reduce the error between the model and the actual robot. This method not only makes the model accurate, but also avoids complex dynamic analysis. By introducing the IRF, the dynamics of the turning walk model were also simplified using the LIP model with centripetal forces acting in the left and right directions. We performed some simulations and experiments to verify the correctness of the proposed method. The results proved that this method can achieve a stable turning walk.
The proposed method involves coordinate system transformations between world coordinate references and the IRF. So when the robot's COM coordinate and the world coordinate are relatively rotated horizontally, this means the robot will turn and the proposed method will play a part.
Working from another perspective, the straight-line walk can be seen as a special case of the turn walk. For the straight-line walk, the turn radius can be seen as infinity r c = ∞. We can obtain Formula (5) from Formula (6), and ∆α in Formula (21) has no value, so all the formulas are the same as those in the straight-line walk.
The results show that our method is more effective during rapid turning of a robot which can greatly improve the efficiency of the robot movement. However, for turns with small radii, the calculated turning angle is large, so the robot will easily slip when the robot is also carrying out a fast turn. For the robot slip turn, there has been some research, as is shown in the first section, so the robot can make a slip turn in order to improve efficiency of the turn.
